On the basis of the projection method, a higher order compact finite difference algorithm, which possesses a good spatial behavior, is developed for solving the 2D unsteady incompressible Navier-Stokes equations in primitive variable. The present method is established on a staggered grid system and is at least third-order accurate in space. A third-order accurate upwind compact difference approximation is used to discretize the non-linear convective terms, a fourth-order symmetrical compact difference approximation is used to discretize the viscous terms, and a fourth-order compact difference approximation on a cell-centered mesh is used to discretize the first derivatives in the continuity equation. The pressure Poisson equation is approximated using a fourth-order compact difference scheme constructed currently on the nine-point 2D stencil. New fourth-order compact difference schemes for explicit computing of the pressure gradient are also developed on the nine-point 2D stencil. For the assessment of the effectiveness and accuracy of the method, particularly its spatial behavior, a problem with analytical solution and another one with a steep gradient are numerically solved. Finally, steady and unsteady solutions for the lid-driven cavity flow are also used to assess the efficiency of this algorithm.
INTRODUCTION
The numerical solution of the unsteady incompressible Navier-Stokes (N-S) equations in primitive variable form represents a difficult computational challenge. One major problem comes from the pressure term in the momentum equations, which couples the momentum equations and must be implicitly updated for the incompressibility to be satisfied. The projection method is a widely used technique for solving viscous incompressible flow based on the primitive variable formulations. This technique introduced originally and analyzed by Chorin [1, 2] is actually a fractional step method or operator-splitting discretization scheme, in which the computations of the velocity and the pressure are decoupled through a two-step predictor-corrector procedure. In the past several decades, many improved projection methods were developed by some authors [3] [4] [5] [6] [7] [8] [9] . In the first step, an intermediate velocity field is computed by solving the momentum equations ignoring the pressure term and the incompressibility constraint. In the second step, according to Helmholtz-Hodge decomposition theorem [10] , the intermediate velocity is projected to the space 512 Z. TIAN, X. LIANG AND P. YU of the divergence-free vector fields to get the pressure and the corrected velocity that satisfies the incompressibility condition.
For many application problems it is desirable to use higher order numerical methods to obtain accurate solution. Compact finite difference (FD) methods feature high order accuracy and smaller stencils. Recently, there has been a renewed interest in the development and application of compact FD methods for the numerical solution of the convection-diffusion and N-S equations [11] [12] [13] [14] [15] [16] [17] [18] . It is evident that they are not only accurate and effective but also can obtain satisfactory results with a smaller grid mesh.
This paper is primarily aimed at developing a higher order compact FD algorithm, which possesses a good spatial behavior for solving 2D unsteady incompressible N-S equations in primary variable form based on the projection method. The method is constructed on a staggered grid system and has at least third-order accuracy in spatial dimension. A third-order upwind compact difference approximation proposed in [15] is used to discretize the non-linear convection terms, a fourth-order symmetrical compact difference approximation is used to discretize the viscous terms, and a fourth-order compact difference approximation on a cell-centered mesh is used to discretize the first derivatives in the continuity equation. Especially, a new fourth-order compact difference scheme for approximating the pressure Poisson equation and new explicit schemes for solving the pressure gradient are proposed on the nine-point 2D stencil. Numerical experiments are performed for the validation of accuracy and efficiency of the present algorithm.
MATHEMATICAL MODEL
The time-dependent incompressible N-S equations in primitive variable form can be written as
where p is the pressure, V = (u, v) represents the velocity vector, and Re is Reynolds number. Most numerical methods for solving Equations (1) and (2) in terms of the primitive variable use a fractional step approach. An approximation to momentum equation (1) is first made to determine a provisional velocity field, and then an elliptic equation is solved that enforces the solenoidal constraint (2) and determines the pressure.
According to Helmholtz-Hodge decomposition theorem [10] , an intermediate velocity V * is calculated by neglecting the contribution of the pressure gradient term. In this step, the explicit Euler scheme is used:
Then, the intermediate velocity V * can be decomposed into the sum of two vectors:
where vector V n+1 with zero divergence denotes the velocity fields at the next time level, vector ∇ with zero curl. And then discretizing equation (1) and applying (3), we have
The pressure field p n+1 is obtained by taking the divergence of formula (5) and applying formula (6)
The first momentum equation is approximated at point (i + 1 2 , j), the second one at the point (i, j + 1 2 ). The continuity equation and pressure are approximated at the point (i, j).
Discretization of the intermediate velocity
The convective terms in Equation (3) are discretized by using a third-order accurate upwind compact FD approximation [15] . For example, the term u*u/*x is split as follows: where u ± = (u ±|u|)/2. The terms u + *u/*x and u − *u/*x are approximated at point (i + 
The viscous terms are evaluated by using a fourth-order accurate symmetrical compact FD formulation. For example, the term * 2 u/*x 2 at point (i + 
To obtain S i+ 1 2 , j , a linear system of equation with a tri-diagonal matrix has to be solved. In the same way, we can approximate other convection terms and viscous terms in momentum equations. After all convection and viscous terms are evaluated, we can calculate the intermediate velocity
where
where u ± F ± i (g) and v ± F ± j (g) are approximations of u ± (*g/*x) i+ 1 2 , j and v ± (*g/*y) i, j+ 1 2 , and S i (g) and S j (g) are approximations of (* 2 g/*x 2 ) i+ 1 2 , j and (* 2 g/*y 2 ) i, j+ 1 2 , respectively, and u, v in G, H denote the velocity at time level n.
In Equation (21) , the value of velocity component v, which is defined at point (i, j + 1 2 ), needs to be computed at the point (i + 1 2 , j). In this paper, v i+ 1 2 , j is calculated by fourth-order accurate midpoint interpolation. In the same way, u i, j+ 1 2 can be calculated.
Discretization of the pressure field and the pressure gradient
The Poisson equation for pressure can be written as
where D(V * ) = (*u * /*x)+(*v * /*y), u * , v * are the intermediate velocities. At point (i, j), Equation (22) is discretized with a fourth-order difference approximation on the nine-point 2D stencil, which can be expressed as follows:
Equations (25) and (26) are fourth-order accurate [13] . For a fully fourth-order FD of Equation (23) we need to approximate (D xx ) i, j and (D yy ) i, j with second-order accuracy, which is done as follows:
Note that
and
we have
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For computing velocity field, we must know the value of pressure gradient at the same grid point. As noted above, velocity components u and v are defined at points (i + 
Combining Equations (37) and (38), and substituting into the second term of the right-hand side of Equation (36) and rearranging, we obtain the following fourth-order compact scheme to approximate the pressure gradient (* p/*x) i+
yy 0
Similarly, we can obtain the fourth-order accurate compact difference approximation of (* p/*y) i, j+ 1 2 * p *y i, j+
Solution of Poisson equation for pressure
The solution of the pressure Poisson equation (35) will cost the maximum of the whole numerical calculating time, so people are trying to develop an efficient algorithm. In this paper we have designed a line iterative approach with an alternating direction implicit (ADI) procedure that enables us to obtain the solutions of the problems by application of the one-dimensional tridiagonal Thomas algorithm with a considerable saving in computing time. First, rewriting the discrete pressure equation in the following:
The first formula of (41) is the implicit iteration of (22) in x-direction, the second one in y-direction. These two formulas should be iterated alternately in each time step. For periodical boundary problems, the main works are to solve the two linear systems with circulant coefficient matrix, which concerns about CTDMA (cyclic triple diagonal matrix algorithm). For non-periodical boundary problems, it solves mainly the two linear systems with triple diagonal coefficient matrix, which concerns about TDMA (triple diagonal matrix algorithm).
Boundary formulation for velocity and pressure
In order to match high order accuracy at boundary conditions for velocity and pressure, the high order accuracy boundary schemes are designed. Various biased FD schemes are designed for approximation to the first and second derivatives at boundary in this paper. For example, the first derivative at the boundary j = 1 satisfies the following formulation:
The coefficients and a i can be determined by applying Taylor expansion and coupling to necessary of inner points scheme and accuracy. In this paper, the following biased schemes can be obtained, and some relative schemes also can be found in [19] .
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In Equation (46), set = 0, the third-order explicit biased scheme is defined by
In Equation (45), set = 2, a 4 = 0, the third-order implicit biased scheme is defined by
With the same method, the second derivative at the boundary j = 1 satisfies the following formulation:
From Equation (50), the following second-order and third-order biased schemes with free parameters can be defined as
Some widely used schemes are obtained from Equations (51) and (52)
the higher order boundary scheme can be defined by adding more stencil points in Equations (44) and (50). The schemes (49) and (53) are implicit ones that can couple to inner scheme (15) , (16) to use. Refer to Equation (44), the first derivative of pressure at boundary i = 1 can be written as ( = 0)
Then the boundary value of pressure at i = 1 can be described as
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It is easy to compute (* p/*x) 1, j by projecting momentum equation to boundary normal direction. If k = 3 is set in Equation (58) and coupled to Equation (41), the value of inner points can be calculated by using (* p/*x) 1, j and without considering the boundary value. After finishing, to compute the value of inner points, the boundary value can be obtained from Equation (57).
In this subsection, all the boundary schemes are designed for the left boundary; the other boundary schemes can be designed similarly.
FD algorithm
The FD algorithm based on staggered grid system is now briefly outlined.
1. The first step: compute intermediate velocity V * (a) Applying upwind compact schemes (15) and (16) to compute convective terms and symmetrical compact scheme (17) to compute viscous terms; (b) Applying (18) and (19) 
NUMERICAL EXAMPLES
In this section, we perform numerical experiments to illustrate the accuracy and effectiveness of the proposed higher order compact difference algorithm. The numerical results of three test problems are given. All results were run on a SONY PCG-V505MCP computer using double precision arithmetic.
Example 1
Consider N-S equations (1) and (2) with the initial condition [1] u(x, y,
where 0 x 2 , 0 y 2 . The exact solution for this problem is given by
where N is an integer.
The numerical solutions are obtained under uniform grids (h = x = y) with different mesh sizes and a fixed time step size ( t = 0.002) and compared under the RMS (root mean square) errors of the numerical solution with respect to the exact solution. The RMS error is estimated by
where N x and N y are grid points in x-and y-directions, respectively, and stands for u, v, p, and .
520
Z. TIAN, X. LIANG AND P. YU Table I . RMS errors with the rate of convergence at t = 2 for u, v, , p (Re = 100, N = 2). The comparison of numerical results is listed in Tables I and II . The rate of convergence is estimated for velocity, vorticity, and pressure by using rate = − log(err 1/err 2) log(
where err 1 and err 2 are RMS errors with the grid system having (N 1 +1)×(N 1 +1) and (N 2 + 1)×(N 2 +1) points, respectively. It clearly shows from Table I that these values are almost 3, i.e. the present algorithm is third-order accurate in space. Table II shows the comparisons of the grid size and the CPU time required to achieve similar accuracy by both the present method and the second-order method Table IV . Grid dependence of v-velocity at the middle horizontal line. (i.e. the convective and viscous terms in the momentum equations and the pressure Poisson equation are approximated by using the standard second-order central formula). Note that the computed solutions from the present method are more accurate than that from the secondorder method at the same mesh size. It is clear that the second-order method requires almost the same CPU time as does the present method for the same mesh size. It is also clear that the second-order method requires a much finer grid, hence much longer CPU time, to achieve similar accuracy as the present method. For example, in the case of 41×41 grid points, the present method requires only 6.266 s to achieve an accuracy of 1.136e−03, whereas the secondorder method requires a grid of 81×81 and 55.594 s of CPU time to achieve an accuracy of 2.654e−03. The results in Table II show the superiority of the present method over the second-order method.
In Figure 2 , the variation of the exact and numerical horizontal velocities u with x at y = /2 for N = 1, 2, 4 is given. One can hardly distinguish the numerical solutions from the analytical ones. This figure shows again that the present method can give the satisfying result for this problem. 
Example 2
The next problem is set up to test the behavior of the discretization for non-stationary situations when steep gradients are involved. This is a doubly periodic double shear layer flow problem taken from [3] , the initial conditions are taken as
where = /15 is the thickness of shear layer, = 0.05 is the initial perturbation which will grow with time and leads to a roll up of the shear layer. This problem, which has the characteristic of large gradient for Re = 10 000, is an excellent case to verify the precision and stability of the numerical scheme at high wavenumbers. The incompressible N-S equations (1) and (2) with periodic boundary conditions are solved by using the present method. The calculated values of horizontal velocity u along the vertical centerline and the calculated values of vertical velocity v along the horizontal centerline at t = 6, 8 and 10 are listed in Tables III and IV for the grids of 33×33, 65×65 , 97×97, 129×129, and 161×161. Based on the finest grid (161×161) solutions, the deviations of the results on the relatively coarser grids are shown in Tables V and VI. The solutions on a grid of 129×129 are very close to that on the finest grid, and the differences are small enough. It is believed that the grid of 129×129 points is appropriate in the present computations.
Computed vortices at different time levels for x = y = 2 /64 (i.e. 65×65 grid points) and x = y = 2 /128 (i.e. 129×129 grid points) are given in Figures 3 and 4 , respectively. It is seen that very good resolution is obtained on the medium grids (e.g. 129×129 grid points). The present results are very smooth and the integration is very stable. Results from Figures 3 and 4 show that the present method is efficient for solving this problem with a steep gradient. For comparison, Figure 5 shows the flows computed at t = 10 by using the two second-order methods, named as the CDS1 (i.e. the spatial derivatives of velocities are approximated by the second-order difference scheme and the pressure Poisson equation is approximated by the fourth-order difference scheme) and the CDS2 (i.e. the spatial derivatives of all variables are approximated by the second-order difference scheme), respectively. Clearly, the second-order method on a grid of 161×161 has difficulty in capturing the thin shear layers, resulting in unphysical noise visible in the shear region and from the blurring effect on shear layers in the vortex core. On the contrary, the present method, even in the case of 65×65 grid points, performs very well and can capture the thin shear layers on a grid of 129×129 (see Figure 4) 
Example 3
Finally, the two-dimensional lid-driven cavity problem is considered. Over the years, this problem is often used [6, [20] [21] [22] [23] [24] [25] [26] to demonstrate the accuracy and efficiency of numerical methods for incompressible flows. This problem is of great scientific interest because it displays almost all fluid mechanical phenomena for incompressible viscous flows in the simplest of geometric settings.
Computational region is 0 x 1 and 0 y 1, the boundary conditions are taken as more iterations are used until
where m denotes the iteration number. Numerical solutions for the driven-cavity flow are obtained at different Reynolds numbers. In present computation, the grid mesh spacing is equal to Comparisons of some characteristic flow variables are made with previous numerical results obtained by Ghia et al. [25] for different values of the Reynolds number, 1000 Re 7500. In Figure 6 , comparisons of the vertical velocities on the horizontal centerline and the horizontal velocities on the vertical centerline of the square cavity are exhibited for 1000 Re 7500 with those of Ghia et al. [25] . Noted that velocity profiles obtained by the proposed method on the grid mesh spacing 1 128 match very well with those of Ghia et al. [25] . In [25] , the computation is carried out on the fine grid mesh spacing Figure 7 exhibits the streamline contours for the cavity flows with Reynolds numbers 1000, 3200, 5000, and 7500. In these graphs, the typical separations and secondary vortices at the bottom corners of the cavity as well as at the top left can be seen. These stream function profiles are in very good agreement with the benchmark results of Ghia et al. [25] and other established results [6, 20, 21, 24] thereby confirming that the present method yields quantitatively accurate solutions. Figure 8 shows pressure contours for 1000 Re 7500. Our pressure contours are compared with established results in [20] . Again, a pretty consistent comparison is obtained.
To further validate the present method quantitatively, the minimum values u min and the corresponding location coordinate y min of horizontal velocity along the vertical centerline, the maximum values v max and the corresponding location coordinate x max of vertical velocity along the horizontal centerline, and the values of streamfunction at the primary vortex center and the corresponding locations obtained numerically are collected and listed in Table VII for different Reynolds numbers (1000 Re 7500). The available comparison data from the literature are also given in this table. In Table VIII , the location of the center of secondary vortices and the value of streamfunction at vortex center obtained in the present computation are compared with data from the literature [20, 21, 23, 25, 28, 29] at Reynolds numbers 1000, 3200, 5000, and 7500. It is clear from all these comparisons that the results of the present numerical method are reliable and the algorithm can be used to solve unsteady viscous incompressible flows.
A further illustration of the accuracy and the efficiency of the present method is given by computation of the unsteady flow at higher Re = 10 000 on the grid mesh spacing 1 128 . Auteri et al. [30] has found that the critical Reynolds number Re c of Hopf bifurcation from stationary state to non-stationary periodic state lies in the interval 8017.6<Re c <8018.8. Thus for the computations at Re = 10 000 we expect the flow to show unsteady periodic behavior. Starting from steady-state solution obtained at Re = 7500, the solution reaches its asymptotic periodic state at about t = 1240 (t = n t). A series of nine instantaneous iso-streamfunction contours for one complete cycle is displayed in Figure 9 . It is shown that the iso-vorticity contours are better resolved through the use of higher order compact schemes for a given fixed grid 129×129. Note that the computed solution is smooth in most of the remaining domain. The reason for this is that there are sharp gradients close to the upper moving wall. All the features shown by Fu et al. [15] are well represented. As observed by Fu et al., persistent oscillations develop at secondary and tertiary vortices, particularly the appearance and the disappearance of the two tertiary vortices at the bottom and top lift side. Table IX lists the comparisons of the grid size and the CPU time required to achieve accurate results (with respect to the benchmark solution [25] ), at Re = 5000, by both the present method and the second-order method (CDS1) (i.e. the spatial derivatives of velocities are approximated by the second-order difference scheme and the pressure Poisson equation is approximated by the fourth-order difference scheme). It is clear that the computed solutions from the present method are more close to the benchmark solution [25] than those from the second-order method at the same mesh size. Note that from Table IX , in order to obtain excellent agreement with the benchmark solutions, the present method requires a grid of 161×161 and 17798.249 s of CPU time, whereas the second-order method (CDS1) requires a grid of 257×257 and 38114.438 s of CPU time.
The results in Table IX also exhibit the superiority of the present method over the second-order method.
CONCLUSIONS
In this work we have developed a new high order accurate compact FD projection algorithm for solving the incompressible N-S equations in primitive variables based on the staggered grid system. The present algorithm has at least third-order accuracy in spatial direction. Especially, the fourthorder compact difference scheme is proposed for approximating the pressure Poisson equation. The simple line iterative or line iterative SOR technique with an ADI procedure enables one to deal with only diagonally dominant tri-diagonal systems which can be solved by application of the one-dimensional tridiagonal Thomas algorithm with a considerable saving in computing time. This permits combining the computational efficiency of the lower order methods with superior accuracy inherent in high order approximations. The proposed discretization technique may be applicable to three-dimension case. Numerical experiments are performed to demonstrate high accuracy and efficiency of the present method. The computational results show that, besides the excellent performances in computational accuracy, efficiency, and stability, the method has the advantage of better scale resolution with smaller number of grid nodes. It is shown that the current method has large potential of extending to direct numerical simulation of the complex flows, including the flow problems with large gradient and high Reynolds number. This work may be regarded as a first step towards the establishment of high order accurate and efficient algorithms for the solution of the incompressible N-S equations in primitive variables. Higher order explicit operator-splitting discretizations for temporal variables and high order compact difference schemes with high resolution for spatial variables will be the subject of forthcoming developments. In addition, we mention that the usage of non-uniform mesh becomes an Table IX . Comparison of the velocity results of the second-order method (CDS1) with the present third-order method for lid-driven cavity flow at Re = 5000 and the percentage differences with respect to the benchmark solution [25] . essential aspect for dealing with irregular domain problems [31] [32] [33] . Based on the approaches proposed in [31, 32] , the present scheme can be extended to the irregular case.
